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We consider random graphs with 2 labelled vertices in which edges are chosen indepen-
dently and with probability ¢/#. We prove that almost every random graph of this kind contains
a path of length = (l—oc(c))n where «(c) is an exponentially decreasing function of c.

Given n€N and O<p=p(n)<l, the probability space %(n, P(edge)=p)
consists of all graphs with a fixed set of n labelled vertices, in which the edges are
chosen independently and with probability p. As customary, we say that al/most
every (a.e.) random graph G, , has a property Q if the probability that a graph
G€%(n, P(edge)=p) has Q tendsto | as n—oo.

Some important recent results in the theory of random graphs concern the
existence of long paths in a.e. random graph G, .,,, where ¢ is a constant. (For basic

properties of graphs and random graphs see [2].) In order to formulate these results,
for ¢>0 set

1—-a(c) = sup {«€R: a.e. G, ., contains a path of length at least an},
1—B(c) = sup {f€R: ae. G, ., contains a cycle of length at least fn}.

Clearly O0=a(c)=p(c)=1 for every ¢, and u(c), B(c) are decreasing functions
of c.

ErdSs and Rényi [3] proved that in a.e. G, ,;, the largest component has
O (n??) vertices, so a(c)=1 for c¢=1. Ajtai, Komlds and Szemerédi [1] proved the
somewhat surprising result that a(c)<1 forevery c¢=1, and dela Véga [5] showed
independently that a(c)=c,/c for every ¢>0 and some absolute constant ¢,. Our
aim is to show that this bound on a(c) can be replaced by an exponential function
of c.

It is easily seen that a(c) cannot decay faster than an exponential function
of ¢. Indeed, Erdés and Rényi [3] showed that for every ¢>1 a.e. G, ., is such that

the order of its largest component is asymptotically {1 - % Sk"‘l(ce‘c)"/k !}n. Hence
k=1

a{c) = —i— 2 k*(ce= k! = e—*.

k=1
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Theorem. For ¢>2 a.e. G, ., contains a cycle of length at least (1 —c*e~")n. In
particular,

a(c) = B(c) = e 2

Proof. We may assume that ¢>200 since if ¢**<e°/%, there is nothing to prove. Let

k,neN, k<n, and let V be a set of n labelled vertices. Denote by ‘;ék-om(ﬂ) the set of
all directed graphs with vertex set ¥ in which the outdegree of every vertex is k:
dt(x)=k for every x€V. Turn %,.,,(n) into a probability space by giving all
elements the same probability.

Given a directed graph G, denote by 0(G) the graph havmg the same vertex
set as G, in which xp is an edge iff at least one of Xy and 7 is an edge of G. Set
%G oM ={0(G): G¢ ?ﬁk_ou,(n)} and turn %.,,(n) into a probability space by
giving G€%, ,..(n) the probability of the set 8 " 1(G) T %,.... ().

Our proof is based on a recent deep theorem of Fenner and Frieze [4] stating
that if k=23 then a.e. G€%, ., (n) is Hamiltonian. In order to make use of this
result, we shall represent %(n, P(edge)=c/n) as the image of a space of random
directed graphs.

Define r=d/n, 0<r<]1, by

¢/n = 2r—r2
Then clearly
¢/2+c¥8n <d < c/2+c¥Tn

if n is sufficiently large. Let %(n, r) be the probability space of directed graphs with
a fixed set ¥ of n labelled vertices in which the edges are chosen independently and
with probability r. Then in 8(G) the edges are chosen independently and with proba-
bility

1—(1—r)2 =2r—ri=¢/n,

so {0(G): Ged(n, r)}, with probability inherited from G(n,r), is just another re-
presentation of %(n, P(edge)=c/n). Hence it suffices to show that a.e. Gedn,r) is
such that 6(G) contains a cycle of length at least (- ce=c?)p,

We shall do this by showing that a.e. Gefﬁ(n, r) is such that every vertex of
a large set W dominates at least 23 vertices of W. Then the Fenner—Frieze theorem

applied to the random graph G[W] will imply that a.e. G€% (n, r) is such that 6(G)
contains a cycle of length at least . We shall look for an appropriate set W by omitt-
ing from ¥ disjoint sets Uy, Uy, ..., U,. The set U, will consist of all vertices of
small outdegree (together with the vertices of too large outdegree, but this is only
for the sake of convenience), then U,; will be the set of vertices of small outdegree in
G—U,, and so on. .

Given x€V, the outdegree d*(x) of x in a random directed graph G, , has
binomial distribution with parameters #—1 and r=d/n. Let us estimate P(d* (x)<24)
and P(d*(x)=6d). Since c¢>104, if nis sufficiently large then

(1—-d/n)17" < exp {~d+25d/n} < exp{—c/2—c?/8n+13c/n} < e™*/2
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for i<25. Consequently

24

_ £ 24 )
P(d*(x)=24) = i=20 (n ; 1] (%] (1—din)y—1- < e c? i;(') (c/2)Yil.
Also, ,
() = "5 (n=1)(4) S Jifi < S
P(d*(x) = 6d) < i=%;][ ; ]{;J < i=%;]d/l! < i=%‘ﬂ (e/6) <e°.
For G'Ef_é(n, r) let
Uy = Uy(G) = {xcV: d*(x) =24 or d*(x) = 6d}.

Then | U] has binomial distribution with parameters n and p, where p=p(n) satisfies

24

p<e~+e e 3 (cf2)iil = p,.

i=0

Let us note the following simple property of the binomial distribution S, ,
with parameters n and p: if O<p<1/2 and (pn)~Y2<e=1/2 then

(1) P(ISn'p—pnl = Spn) < g—EPnis,

By applying (1) we find that
3 —p,n/12
PlU,| = 5 Pons| = €7 P = P,.

Now let us define disjoint sets U,, U,, .., all functions of a random directed
graph Ge% (n, r), as follows. Suppose i=1 and we have defined U,, Uy, ..., Uj_;.

Set
-,

-1
U;={XEV— U]‘
j=0

i—1
F+(x)ﬂjL=Jo U;

where
I (x) = {ycV: Xp€E(G)}.

Let D=94% t= [% log n/log (l/DPo)J and

p;=Dipd*t, j=1,2,..,¢

It can be checked that the assumptions we have made imply that Dp,<1/4 and so
pj<4'f'1, J=0,1, ..., t. We shall show that the probability that [Ujlz—;—pjn,
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conditional on U= —;— pn, i=0,1, ..., j—1, is rather small. To be precise,

@ P(j=2pm|vi=2em i=01,.j-1)=enm=p,

Jj=12,..,1

In order to prove (2), consider disjoint sets Vy, V1, ..., V;_; of V satisfying

b = IVJ §%pin, 1=0, 1, ...,j—l.

Jj—-1
Let x,6 V— |J V;. We claim that
i=0

j_
3 P[\n(xg)ﬂy: V= 2] U=V, i=01, ...,j-l] =p;

Jj=1,2, ..., t. Note that, by (1), inequality (3) implies (2), so it suffices to prove (3).
First consider j=1. Since P(x¢Uy)<1/2,

P (x) V| = 21U0 =Vy)=2 2 2’( ]( _,17500] ri(l — pyr-1-4

i=25k=2

IIA

16d) i 3 k di 16d) 3 d2 _—
3:'55 2[2 ) k'(z el =3¢ (Po /) Zd‘ ki—k)! = 5d%pE < p,.

=t k)! =

The last but one inequality above holds because pod<1/5.
Now assume that 2=j=¢ and we have proved (3) and (2) for smaller values of

j. If a vertex x belongs to U, then x dominates at least one vertex of U;_; and at least
i—1

two vertices of U U,. Taking into account that 3 Z’ Pi<<2p,<1/2, we ﬁnd that for

P [[r
[6d] J

=2 Z’v, IZU(k 2]r(l re-l-k =

Xod ;L=Jo Vi

:ZIU‘:'I/‘, i=0,1,...,j_'1J§

IIA

1sdf (3 Jt )
3,‘:22'5 (ipj—l) (2po) _—(k—Z)! e = 9d%p,p;_1 = P;-

This proves (3) and so (2).
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t
i=0

The set (J U; will not always do for the set U=V —W of exceptional vertices.
Set

U= {er—jL;jl Uj: [T, (0)NU| = 2}.

Let us estimate the probability of U being large, conditional on U, Uy, ...

..., U; being not too large. As before, consider disjoint sets Vg, Vi, ..., V; of V
satisfying
3 .
v; =V = Epjn, j=0,1,..,¢t

4
Then for xo€ V'~ ¥
j=0

PAT . G)NV)=2|U; =V, i=0,1,..,0)=

=2 SIJ [U,] (n—z] ri(l_’.)n—-l——i = 2d2p2 = (Dp )2(r+1) = p-4/3,
= AVIAS S = t = 0 =

Hence
3 . —1/8
4 P U#ﬁ[[Uilgfpin, i=0,1,...,t|=n"3
Putting together (2) and (4) we find that
3 t
P[|Uj[§7p_,—n, j=0, 1,...1, and U:ﬁ) 21—.;;})]_"_1/3:1—0(1).

Now let W be a set of maximum cardinality for which

IF. (x)NW| = 23

t
for every x€V—W. If U=0 then the set ¥V — (JU; will do for W since a vertex
j=0

t t—1
notin |JU; dominates at most one vertex in U, and at most one vertex in |J U;,
j=0 j=0

t
so it dominates at least 25—2=23 verticesin V' — (J U;.
j=0

Consequently
P(W| = (1-2pyn) = P(lUj| = —;—pjn, i=0,..,1, and U= @] =1-o(1).

Having found this large set W the proof is almost complete. Indeed, if W, is a
fixed set of vertices with |Wy|=(1—2py)n then

P(8(G)[W] is Hamiltonian |W = W,) = 1—o(1).
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Consequently a.e. G'Ef_é(n, r) is such that 0(G) contains a cycle of length at least
(1-2pg)n.

Note that in the proof we were very generous in our estimate of p,. This is
because the correct upper bound for f(c) will be ¢;ce™° where ¢, is an absolute cons-
tant. We shall return to this in a later note.
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